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Introduction

The origin of Supersymmetry (SUSY)- Elementary Particle
Theory and Quantum Field Theory:
Y.A. Gol’fand and E.P. Likhtman, 1971
J.-L. Gervais and B. Sakita, 1971
P. Ramond, 1971
A. Neveu and J. Schwarz, 1971
D. Volkov and V. Akulov, 1973
J. Wess and B. Zumino, 1974
- Unification of internal symmetries with space-time
symmetries.
- New kind of algebra - includes commutators and
anticommutators.
- Bosons and fermions are the members of the same
multiplets.
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E.Witten, 1981 - toy model of (0 + 1) Quantum Field Theory
= SUSY Quantum Mechanics:

L = ẋ2(t)−
[
(W ′(x(t))2 −W ′′(x(t))

]
− 2W ′′(x(t))ψ+ψ−

The result - Witten index - criterion of spontaneous breaking.

SUSY QM - the really new approach to many problems of
Quantum Mechanics itself. For example:
1-dim Quantum Mechanics: How many exactly solvable
potentials are known?
Not too many: Harmonic oscillator, Coulomb, Morse,
Pöschl-Teller...

Several approaches are known, and SUSY QM is one of the
most effective among them. In particular, the new notion of
shape invariance was formulated. It allows to solve problems
in a pure algebraic way.
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2-dim Quantum Mechanics: How many methods of study
exactly solvable potentials are known?

The most known and most effective regular approach - the
separation of variables. It reduces the multidimensional
(multiparticle) problem to a few problems of lower
dimensionality of space.

SUSY QM cleared the new way for study of 2-dim models
which are not amenable to standard separation of variables.
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SUSY Quantum Mechanics E.Witten 1981

The simplest superalgebra - with elements Ĥ , Q̂+, Q̂− = (Q̂+)†.

[Ĥ , Q̂+] = [Ĥ , Q̂−] = 0; {Q̂+, Q̂−} = Ĥ ; {Q̂±, Q̂±} = 0

The simplest realization - by 2× 2 matrix differential
operators in one variable:

Ĥ =

(
h(0)(x) 0

0 h(1)(x)

)
; Q̂+ =

(
0 0
q− 0

)
; Q̂− =

(
0 q+

0 0

)
where

h(i) = −∂2 + V (i)(x), q∓ ≡ ±∂ + ∂W (x); ∂ ≡ d/dx
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The relations of algebra are fulfilled:
1) Nilpotency of Q̂± - is ensured by their matrix structure.

2) Anticommutator of Q̂± gives Ĥ if h(0), h(1) are factorized:

h(0) = q+q−; h(1) = q−q+

3) This factorization =⇒ commutation of Ĥ with Q̂± :

h(0)q+ = (q+q−)q+ = q+(q−q+) = q+h(1); h(1)q− = q−h(0)

The relations of SUSY algebra in components reproduce
Factorization Method of Schrödinger:
E.Schrödinger, 1941; L.Infeld, T.E.Hull, 1951.

The main ingredients - intertwining relations and
factorization!
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One has almost coinciding spectra of h(0) and h(1) or,
equivalently, double degeneracy of the energy spectrum of Ĥ :

h(0)Ψ(0)
n (x) = EnΨ

(0)
n (x); Ψ(1)

n (x) = q−Ψ(0)
n (x); n = 0, 1, ...

h(1)Ψ(1)
n (x) = q−q+Ψ(1)

n (x) = q−q+q−Ψ(0)
n (x) = Enq

−Ψ(0)
n (x) = EnΨ

(1)
n (x)

Ψ(0)
n (x) = q+Ψ(1)

n (x); n = 0, 1, ...

December 2, 2014 10 / 28



Shape invariance and exact solvability
Shape-invariance method in d=1 QM: algebraic solution of
Schrödinger equiation L.E.Gendenshtein 1983.

Let h(0), h(1) depend not only on x , but also on some
parameter a. Both Hamiltonians participate in intertwining
relations:

h(0)(x ; a)q+ = q+h(1)(x ; a); h(1)(x ; a)q− = q−h(0)(x ; a).

Let the dependence of Hamiltonians on parameter a obeys
the property of ”shape invariance”:

h(0)(x ; a) = h(1)(x ; ã) + R(a); ã = ã(a)

Let the ground state E
(1)
0 (a) = 0 of h(1)(x ; a) is known:

q+(x ; a)Ψ
(1)
0 (x ; a) = 0
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Then, the entire spectral problem for h(1)(x ; a) is solved
algebraically, due to intertwining relations. In particular, the
first excited state is:

h(1)(x ; a)

(
q−(x ; a)Ψ

(1)
0 (x ; ã)

)
= R(a)

(
q−(x ; a)Ψ

(1)
0 (x ; ã)

)
Analogously, the higher excited states can be built by the
action of the next q−:

h(1)(x ; a)

(
q−(x ; a)q−(x ; ã)Ψ

(1)
0 (x ; ˜̃a)

)
=

= (R(a) + R(ã))

(
q−(x ; a)q−(x ; ã)Ψ

(1)
0 (x ; ˜̃a)

)
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All well known exactly solvable potentials are shape-invariant!

And vice a versa, under some natural conditions on the
superpotentials, shape invariant potentials give just a list of
known exactly solvable models: J.Bougie et. al. 2010.
Nevertheless, the intertwining relations are the source of new
solvable potentials - superpartners of the old ones.

New generalization of shape invariance in d = 1 is based on
the polynomial SUSY QM - the class of deformations of
Witten’s SUSY algebra.

December 2, 2014 13 / 28



Briefly speaking, if one’ll choose intertwining operators
(components of supercharge) to be of second order:

q+ ≡ ∂2 + f (x)∂ + b(x),

the SUSY algebra takes the same Witten’s form, but the
anticommutator of supercharges becomes now:

{Q̂+, Q̂−} = Ĥ2 + αĤ + β

It is important that not all such q± are factorizable, and
therefore some new solutions can be built.
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The shape invariance property with these supercharges leads
to a new class of potentials. A suitable ansatz allowed to
derive the new shape invariant potential:

V (x) =
2c(2a − 1)

3x2/3
− 5

36x2
+ c2x2/3; (1)

Ṽ (x) =
2c(2a + 1)

3x2/3
− 5

36x2
+ c2x2/3.

F.Cannata, M. I., E.Kolevatova, D.Nishnianidze 2014.

The Schrödinger equation with this potential was solved
analytically, it turned out to be an implicitly solvable model.
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Two-dimensional generalizations of SUSY QM

The direct multi-dimensional generalization was built
A.A.Andrianov, N.V.Borisov, M.I.Eides, M.V.Ioffe 1984,1985
by the another choice of realization for the elements
Ĥ , Q̂+, Q̂− of SUSY algebra. It was made in two ways: by
handmade extension of 1-dim formulas, and by means of the
superfield approach of Quantum Field Theory.

The main idea of the latter - to consider the model of scalar
real multicomponent superfield:

Φk(t, θ, θ̄) = xk(t) + i(θ̄ψk(t) + θψ̄k(t)) +
1

2
θ̄θFk(t)
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The intertwining relations between matrix Hamiltonians lead
to interrelations between their spectra. Matrix Hamiltonians
occur in different branches of Physics: particles with spin,
coupled channels systems etc.

Some results were obtained:
- the spectrum of Pauli operator for spin 1/2 particle in
external electromagnetic field: A.A. Andrianov, M.V. Ioffe
1988; M.V. Ioffe, A.I. Neelov 2003;
- the relations between amplitudes and phases of NN− and
NN̄−scattering in triplet and singlet states:
A.A. Andrianov, N.V. Borisov, M.V. Ioffe 1986, 1987.

Any attempt to intertwine two scalar Hamiltonians by means
of first order operators leads to potentials with standard
separation of variables.
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The polynomial SUSY QM with second order supercharges
turned out to be fruitful in construction of 2-dim SUSY QM
without matrix Hamiltonians at all.

What is known about solvability of 2-dim quantum models?
The only regular way - the standard separation of variables:

h(x⃗) = h1(x1) + h2(x2); Ψ(x⃗) =
∑

cikψ1i(x1) · ψ2k(x2).

Full classification was given by L.P.Eisenhart 1934, 1948: four
possibilities - Cartesian, polar, elliptic and parabolic
coordinates. The general form of potentials amenable to
separation is known explicitly up to arbitrary functions of one
variable.
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The challenge: to elaborate new approaches to completely
solvable (or, at least, quasi-exactly-solvable (QES)) 2-dim
models, when the conventional separation does not work.

Two-dimensional polynomial SUSY Quantum Mechanics:
A.Andrianov, M.I., D.N.Nishnianidze 1995, 1996.
might be useful.

The main idea: to intertwine scalar Hamiltonians
h(0)(x⃗), h(1)(x⃗) by second order operators:

h(0)q+ = q+h(1); q−h(0) = h(1)q−

Here, intertwined Hamiltonians have still the Schrödinger
form:

h(0,1) = −∂2i + V (0,1)(x⃗),

but intertwining operators have the most general second order
form now:

q+ = gik(x⃗)∂i∂k + Ci(x⃗)∂i + B(x⃗); q− ≡ (q+)†.
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The intertwining relations are equivalent to a complicate
system of nonlinear second order differential equations for
functions gik(x⃗), Ci(x⃗), B(x⃗), and potentials V (0,1)(x⃗).

Finally, with some ansatzes it was reduced to the functional
differential equation ⇒ no regular procedure ⇒ we look for
particular solutions.

Wide list of such pairs of potentials was found in
A.Andrianov, M.I., D.Nishnianidze 1995 and
F.Cannata, M.I., D.Nishnianidze 2002, M.I. 2004.

December 2, 2014 20 / 28



SUSY QM and new separation of variables: d = 2

The polynomial 2-dim SUSY QM allowed to build two new
procedures which can be useful when standard separation of
variables does not work:

1) Partial solvability = QES;

2) Complete solvablity;

F.Cannata, M.I., D.Nishnianidze et.al. 2002 - 2014

Both methods ≡ SUSY-separations of variables.
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The 1-st variant is realized when h(x⃗) DOES NOT allow
separation, BUT the supercharge q+(x⃗) DOES allow.

The general scheme is the following. Let’s suppose that we
know zero modes of q+ :

q+Ωn(x⃗) = 0; n = 0, 1, ...,N ; q+Ω⃗(x⃗) = 0.

The important property of intertwining relations
h(0)q+ = q+h(1): the space of zero modes is closed under the
action of h(1) :

h(1)Ω⃗(x⃗) = Ĉ Ω⃗(x⃗).
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If the matrix Ĉ is known, and it can be diagonalized:

B̂Ĉ = Λ̂B̂ ; Λ̂ = diag(λ0, λ1, ..., λN),

we obtain the set of eigenvalues ALGEBRAICALLY:

h(1)(B̂Ω⃗(x⃗)) = Λ̂(B̂Ω⃗(x⃗)).

What do we need to realize this scheme?
– to find zero modes Ωn(x⃗);
– to find constant matrix B , such that B̂Ĉ = Λ̂B̂ .
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Zero modes:

By the special similarity transformation (not unitary!), we can
separate variables in operator q+ ⇒ SUSY-separation !

Similarly to the standard separation, the next task - to solve
two one-dimensional problems. In our case they are:

(−∂21−
1

4
F1(2x1))ηn(x1) = ϵnηn(x1); (−∂22+

1

4
F2(2x2))ρn(x2) = ϵnρn(x2).

Sometimes they are solvable!

Matrix B̂ has to be found by some specific procedure.

No reasons to expect exact solvability ⇒ QES !
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The applicability of the full scheme to the concrete models
depends on analytical solvability of two one-dimensional
problems. A good example - generalized 2-dim Morse
potential:

V = α2a(2a∓1) sinh−2

(
αx−
2

)
+A

[
e−2αx1−2e−αx1+e−2αx2−2e−αx2

]
Why ”Morse” ? The potentials have the form:

V (x⃗) = VMorse(x1) + VMorse(x2) + v(x1, x2)
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1-dim equations = 1-dim Morse ⇒ they are solvable.
Matrix Ĉ was found explicitly - it turned out to be triagonal
⇒ energy eigenvalues coincide with its elements.

To find wave functions - more difficult task, but it was solved
as well.

Each wave function constructed by SUSY-separation produces
a set of additional wave functions due to shape invariance
property of the model:

h(0)(x⃗ ; a) = h(1)(x⃗ ; ã) +R(a); ã = a − 1/2; R(a) = α2(4a − 1)
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The same 2-dim Morse potential is a good illustration of the
second procedure of SUSY-separation of variables.

Let’s suppose that, due to specific choice of parameters of
the problem, one of the intertwined Hamiltonians DOES allow
the standard separation of variables. BUT, its superpartner
still DOES NOT.

In our case, h(1) allows separation if a = −1/2, when the mixed
term in potential vanishes !

Due to intertwining, wave functions Ψ(0) of h(0) are obtained
”as usual”:

Ψ(0) = q+Ψ(1)
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Because of nontrivial action of supercharges (second order
differential operators) some additional wave functions could
exist, in general. But this possibility is not realized in our case.

The whole spectrum of h(0) and corresponding normalized
wave functions were found for 2-dim Morse potential.

Due to shape invariance, the result was extended to all
negative half-integer values of a.

The procedure of this kind of SUSY-separation of variables
works also for 2-dim Pöschl-Teller potential (2010), and 2-dim
Scarf II potential (2013).
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